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We analyze fermions after an interaction quantum quench in one spatial dimension and demon-
strate that the steady state entropy density accumulated via entanglement dynamics is equivalent
under either a spatial or particle bipartition. This result highlights the universality of the dynami-
cal transmutation of entanglement to thermodynamic entropy under time evolution that underlies
our current framework of quantum statistical mechanics. Exploiting this universality, we argue
that experimentally accessible density-density correlations can be employed to construct a diagonal
ensemble density matrix of non-interacting bosons to compute the von Neumann entropy density.
The time evolution of an initial quantum state after a
sudden change of interaction strength leads to an asymp-
totic steady state, whose local properties are governed by
the buildup of entanglement between spatial subregions
of the system [1–6]. This entanglement is believed to be
responsible for the generation of extensive entropy that
validates the use of statistical mechanics for local expec-
tation values, an idea which is supported by recent mea-
surements of the 2nd Re´nyi entropy [7, 8]. The ability
to experimentally investigate the unitary time evolution
of pure states in isolated systems on long time scales in
ultra-cold atoms [7, 9, 10] now provides an exciting op-
portunity to test these fundamental ideas on how quan-
tum statistical mechanics emerges from the many-body
time dependent Schro¨dinger equation.
As an alternative to the conventional spatial biparti-
tioning, a quantum system containing N indistinguish-
able particles can be bipartitioned into two groups con-
taining n and N − n particles each [11–15], as shown in
Figure 1. After obtaining the associated n-particle re-
duced density matrix ρn, the resulting particle entangle-
ment entropy is sensitive to both interactions and parti-
cle statistics at leading order. A general scaling form has
been conjectured for the ground state particle entangle-
ment entropy of interacting systems [13–15] that behaves
like n lnN , markedly different from the area law of spatial
entanglement for gapped quantum systems with local in-
teractions [16, 17]. While there has been renewed interest
in entanglement dynamics for non-spatial single-particle
bipartitions [18], little is known about the evolution of
entanglement between groups of particles after a quan-
tum quench.
The properties of a steady state local equilibrium are
fundamental to a statistical mechanics description of
many particle systems, and they should not depend on
the specific bipartition of the quantum state from which
they are derived. In this letter, we indeed find that
the steady-state entanglement entropy after a quantum
quench is universal with respect to both spatial and parti-
cle bipartations, as confirmed for an integrable model of
one-dimensional interacting fermions. By fully exploit-
ing translational symmetries of particle subgroups, we
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FIG. 1. Three types of reduced density matrices after a quan-
tum quench. A quantum system of interacting fermions in
one-dimension with periodic boundary conditions can be bi-
partitioned into a spatial partition of size ` (left) or a particle
partition consisting of n fermions (middle). The degrees of
freedom which are kept in the reduced density matrix are
indicated in blue, while the orange ones are traced out. Inter-
actions between the former and latter are pictured with green
lines. In a diagonal ensemble of non-interacting density-waves
(right), higher order correlation functions are related to 2-
point correlators as captured by the static structure factor,
due to the validity of Wick’s theorem.
are able to exactly determine 6-particle reduced density
matrices for systems containing up to 26 sites at half-
filling, making a well-controlled extrapolation to the ther-
modynamic limit possible. Via bosonization, we further
show agreement of the entropy density under a spatial or
particle bipartition with that obtained from an ensem-
ble of non-interacting bosonic density wave excitations
(Figure 1). Correlations of such denstiy waves can be
measured [19–22], providing a route to an experimental
confirmation of the proposed universality.
Model: We study a system of N spinless fermions on
L lattice sites in one spatial dimension (1D) with hop-
ping amplitude J and time-dependent nearest-neighbor
interactions V (t), described by the Hamiltonian
H = −J
L∑
i=1
(
c†i ci+1 + c
†
i+1ci
)
+ V (t)
L∑
i=1
nini+1 , (1)
where c†i (ci ) creates(annihilates) a fermion on site i,
{ci , c†j} = δij and ni = c†i ci is the occupancy of site i.
The density is fixed at half-filling, (L = 2N), and we
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2use periodic boundary conditions (PBC) for odd N and
anti-periodic (APBC) for even N to avoid complications
arising from a possibly degenerate ground state. Eq. (1)
can be mapped onto the XXZ spin- 12 chain at fixed total
spin S which is exactly solvable via Bethe ansatz [23, 24].
In what follows we will measure all energies in units of
the hopping J , setting J = 1.
The initial state is taken as non-interacting fermions
with |Ψ(0)〉 = ∏k c†k |0〉 where |0〉 represents
the vacuum state with no particles and k ∈
{−pi(N − 1)/L, . . . , pi(N − 1)/L} for N odd and k ∈
{−piN/L+ 2pi/L, . . . , piN/L} for N even. At time t = 0
interactions of strength V are turned on (V (t) = VΘ(t)
with Θ the Heaviside step function), and the full time
evolution is obtained via exact diagonalization from
|Ψ(t)〉 = e−ıHt|Ψ(0)〉 (setting ~ = 1). Tracing out
spatial degrees of freedom outside of a contiguous re-
gion of ` sites from the time-dependent density matrix
ρ(t) = |Ψ(t)〉〈Ψ(t)| yields the spatially reduced ρ`(t) =
TrL−` ρ(t). For a particle bipartition, the reduced density
matrix ρn(t) can be written explicitly as the correlation
function
ρi1,...,in;j1,...,jnn =
(N − n)!
N !
〈Ψ(t)|c†i1 . . . c†incjn . . . cj1 |Ψ(t)〉
(2)
where the prefactor is chosen such that Tr ρn = 1. Unlike
spatial entanglement, the particle reduced density matrix
for interacting systems is amenable to a diagrammatic
expansion. A comparison of their entanglement structure
is depicted in Figure 1.
The von Neumann entanglement entropy at each time
t is computed from the spatial (`) or particle (n) reduced
density matrix
S(t;n|`) = −Tr ρn|`(t) ln ρn|`(t) . (3)
In gapless 1D quantum systems, the entanglement en-
tropy under a spatial bipartition of length ` grows lin-
early with time t: S ∝ t up to t = `/(2v), and then satu-
rates to a value that is extensively large in the sub-region
size: S ∝ `/(2v) [3, 25, 26]. This can be understood
in terms of the stimulated emission of highly entangled
quasi-particles inside the sub-region that propagate out-
wards with velocity v. Many of these results have been
tested against numerical calculations on lattice models
starting from unentangled product states [6, 27–29] high-
lighting the regime of applicability of conformal field the-
ory. On the other hand, dynamical studies of particle
entanglement entropy have been hindered by the growth
of rank(ρn) =
(
L
n
)
with system size, even after exploit-
ing the indistinguishablity of the n particles to obtain a
reduction of n! [15]. Going beyond previous work [30]
in which a 3-particle reduced density matrix was com-
puted for large L, we have exploited a decomposition of
ρn into L blocks by employing translational invariance
within particle subgroups, allowing us to study the time
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FIG. 2. Exact diagonalization results for entanglement.
Time-dependence of the increase in particle and spatial en-
tanglement entropy density after an interaction of strength
V = 0.250 is turned on. The spatial entanglement entropy
(red curve) for ` = L/2 = 13 sites grows linearly up to a time
tJ ∼ `/4, whereas the particle entanglement entropy (purple
curve) for n = bN/2c = 6 particles rapidly increases on a
scale tJ ∼ 1/2. The dashed lines show the asymptotic t→∞
values extracted from the full time dependence provided in
the supplement [32].
dependence of reduced density matrices up to n = 6 for
L = 26 sites [31, 32].
Entanglement Density: As we are interested in the
growth and evolution of entanglement entropy, we study
the difference between its value at an observation time
t after the quench and that of the initial pre-quench
non-interacting fermionic state: ∆S(t;n|`) ≡ S(t;n|`) −
S(0;n|`). In Figure 2, the time dependence of both spa-
tial and particle entanglement entropy per particle is
shown for a system with N = 13 particles on L = 26
sites (half-filling), for maximal bipartition sizes of n = 6
particles and ` = 13 sites. Even/odd parity effects in
the density of particle entanglement entropy can be mit-
igated by replacing
S(t;n)
n
→ 1
2
[
1
n
S(t;n) +
1
N − nS(t;N − n)
]
(4)
when n = bN/2c, where b. . . c denotes the integer part.
We observe that the particle entanglement entropy rises
to a value larger than the asymptotic one within a micro-
scopic time scale tJ ∼ 1/2, whereas spatial entanglement
entropy rises over a longer time tJ ∼ `/4. The average
value of entanglement entropy per particle is larger for
particle than for spatial entanglement, and the amplitude
of oscillations around the average is larger for particle en-
tanglement as well.
An estimate for the asymptotic t → ∞ steady state
entanglement entropy was obtained via time averaging:
∆S(t→∞;n|`) ' 1
tf − ti
∫ tf
ti
dt [S(t;n|`)− S(0;n|`)] .
(5)
3The average is started from ti = N/2, to correspond to
the first possible recurrence time, and the maximal time
tf = 100 was chosen such that the statistical uncertainty
in ∆S obtained by a binning analysis (allowing us to
estimate error bars) was less than 3.5%.
Results in the thermodynamic limit (n, ` → ∞ such
that n/N, `/L → const.) were obtained by fitting finite
size exact diagonalization data for the maximal biparti-
tion (` = L/2, n = bN/2c) to the scaling ansatz:
1
n
∆S(t→∞) = s + C lnN
N
(6)
where s is the desired entropy density and C is a constant.
This choice was motivated by an expansion of the equi-
librium free fermion particle entanglement for n = bN/2c
for large N :
2
N
ln
(
N
N/2
)
' 2 ln 2− 1
N
lnN + O
(
1
N
)
. (7)
We use Eq. (6) to fit exact diagonalization data for
both repulsive and attractive interactions, and obtain s.
As shown in Figure 3 we find excellent agreement be-
tween particle and spatial bipartitions. From this analy-
sis, we conclude that (at least for the model considered
here) the asymptotic entanglement entropy per particle is
universal in the sense that the results for a spatial and a
particle bipartition converge in the thermodynamic limit.
Interestingly, finite size corrections are much smaller for
particle entanglement than for spatial entanglement [33].
In addition to establishing the finite size scaling prop-
erties of particle entanglement for a fixed ratio of n/N ,
one can keep N fixed and study how particle entan-
glement entropy changes with n. From Figure 4(a)
1
n∆S(t → ∞;n) monotonically decreases with increas-
ing n [34]. This is explained by the growing number of
constraints as correlations of up to n particles are taken
into account, with fewer states realizing the same reduced
density matrix. The result is that the n-particle entan-
glement entropy can be accurately estimated from knowl-
edge of only the few lowest order density matrices.
However, due to the presence of off-diagonal matrix
elements, even in ρ2, this task is beyond present day ex-
perimental capabilities. The experimental measurement
of density-density correlations, which are the diagonal
component of the two-particle density matrix, is however
possible. This offers an alternative route towards deter-
mining the entanglement entropy from an ensemble of
non-interacting bosons.
Bosonic Diagonal Ensemble: The starting point is an
analysis of the Fourier transform of the density-density
correlation function, known as the static structure fac-
tor s(q; t) = L(N − 1)∑L/2j=1 ρj,1;j,12 (t) e−ıqj evaluated at
observation time t after the quantum quench. For a 1D
fermionic system with linear dispersion, s(q; t) can be
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FIG. 3. Universality of entanglement. Finite size scaling of
the t→∞ entanglement entropy per particle in the maximal
subregion corresponding to n = bN/2c particles or ` = L/2
sites. Symbols correspond to exact diagonalization data and
lines are fits to the finite size scaling form of Eq. (6). Within
error bars (size of shaded region), particle and spatial entan-
glement entropy density extrapolate to the same interaction
dependent value s in the thermodynamic limit.
computed using bosonization, and is given by (see sup-
plemental material [32])
sLL(q; t) =
K|q|
2kF
[
2 〈nq〉+ 1 + 1
2
(
K−1 −K) cos(2v|q|t)]
(8)
where K is the Luttinger parameter, kF = piN/L, and v
is the renormalized velocity of the bosonic density mode
with occupation number 〈nq〉. Studying the form of
Eq. (8), the offset, amplitude, and frequency of oscil-
lations for an experimentally measured s(q; t) can thus
be analyzed via sLL(q; t) for small times t . pi/v|q| and
q  kF to obtain predictions for 〈nq〉, K and v respec-
tively. Moreover, 〈nq〉 ≡ nLL = 14
(
K + 1K − 2
)
is pre-
dicted to be q-independent and thus provides a further
check on the validity of the Luttinger liquid approach
after the quench.
In Figure 4(b) we show the results of such a fitting pro-
cedure for fermionic density-density correlations obtained
via exact diagonalization. For small q, the agreement be-
tween 〈nq〉 obtained from the fit and that predicted by
Luttinger liquid theory is very good.
Since the bosonic mode occupation operator nq com-
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FIG. 4. Entanglement entropy from the bosonic diagonal en-
semble. (a) n-dependence of particle entanglement forN = 12
particles on L = 24 sites. The n-particle entanglement en-
tropy density is only weakly dependent on the order of the
reduced density matrix. Lines on the right hand side of the
figure show the thermodynamic limit values (n,N →∞ with
n/N = 1/2) extracted from the fit shown in Figure 3. (b)
Time dependence of the structure factor s(q; t) obtained from
the diagonal elements of ρ2 at the smallest q-vector forN = 12
particles on L = 24 sites with V = 0.15. Symbols are ex-
act diagonalization data and the line is a fit to Eq. (8). (c)
Entropy density for a diagonal ensemble of non-interacting
density waves where 〈nq〉 was extracted from the post quench
static structure factor. The shaded region indicates the range
obtained for momentum cutoffs Λ/kF = 0.58− 0.80. The en-
tanglement entropy density computed by finite size scaling of
exact diagonalization results are plotted as symbols for com-
parison. The interaction strength V was converted to the
Luttinger parameter K via the Bethe ansatz.
mutes with the post-quench Hamiltonian, all its higher
order correlations are time-independent conserved quan-
tities. When computing them using a squeezing transfor-
mation [35] between the original and post-quench bosons
[32], one finds for instance 〈n2q〉 = 2〈nq〉2 + 〈nq〉. This
hierarchy can be described by a diagonal ensemble with
density matrix
ρd = e
−∑q>0 λqnqδnq,n−q , (9)
where λq is an effective temperature chosen to fix 〈nq〉 ≡
1
4
(
K + 1K − 2
)
[36]. This ensemble preserves correla-
tions between modes with opposite momenta, 〈nqn−q〉 ≡
〈nqnq〉, which are due to interactions between them. The
density matrix in Eq. (9) is not equivalent to the general-
ized Gibbs ensemble density matrix, as it is constructed
from non-local degrees of freedom and does not include
any information about non-particle conserving correla-
tions [37].
We compute the bosonic entropy via Sb =
−2 Tr ρd log ρd, with the factor of two originating from
the diagonal nature of the ensemble [33, 38, 39]. Exploit-
ing the fact that there are no interactions between the
bosonic density waves, their entropy is
Sb
N
=
2
N
∑
q>0
e−q/Λ [〈nq〉 ln〈nq〉 − (1 + 〈nq〉) ln(1 + 〈nq〉)]
=
Λ
4KkF
[
8K log 2 + (K − 1)2 log (K +K−1 − 2)
−(K + 1)2 log (K +K−1 + 2)] , (10)
where K = pi[2 cos−1(−V/2J)]−1 (half-filling) can be
computed via the Bethe ansatz or estimated by fitting
to Eq. (8). In equilibrium, the entropy computed from
the bosonic density matrix is known to be equal to that
of the interacting fermions at low temperatures [40]. Af-
ter the quantum quench, density waves with all momenta
q are excited, while bosonization only captures the low
energy physics of the fermionic model exactly, and thus
a momentum cutoff Λ/kF ∼ 1 is needed to evaluate the
final result in Eq. (10). When using a cutoff in the range
Λ/kF = 0.58 − 0.8, determined from a comparison be-
tween exact entanglement entropies and those obtained
from bosonization [15], we find good agreement between
Sb/N and s as shown in Figure 4(c). Thus using Eq. (10)
with the occupation numbers 〈nq〉 obtained from experi-
mentally measured density correlations opens a pathway
to experimentally determining the von Neumann entan-
glement entropy after a quantum quench.
Summary: We have presented results for an interac-
tion quantum quench in an integrable model of spinless
fermions in one dimension, starting from a gapless and
highly entangled non-interacting ground state. Comple-
mentary to the often studied spatial entanglement en-
tropy, we have examined a bipartition in terms of groups
of particles, where the resulting entanglement can be ob-
tained from the n-particle reduced density matrix. At
short times, the growth of entanglement behaves very dif-
ferently under these two bipartitions. In contrast, in the
asymptotic long-time regime after subtracting the resid-
ual ground state value, we find an extensive entanglement
entropy whose density is insensitive to the decomposi-
tion of the Hilbert space in terms of spatial or particle
degrees of freedom. This equivalence can be understood
via the universal concept of coarse graining, a necessary
ingredient of obtaining reduced density matrices that are
described by a generalized statistical ensemble for inte-
grable systems, and which are expected to be thermal
in the chaotic case. This framework can be validated
experimentally by appealing to ideas from bosonization,
where the post-quench momentum distribution of den-
sity waves can be used to compute the entropy density
in agreement with that obtained from reduced density
5matrices of interacting fermions.
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1Supplemental Material for: “Universal Entanglement Growth After a Quantum
Quench”
Adrian Del Maestro, Hatem Barghathi and Bernd Rosenow
In this supplement we include additional analysis and results characterizing the full time dependence of the spatial
and n-particle entanglement after an interaction quench in a model of one-dimensional interacting fermions. All
code, data and scripts necessary to generate the figures in the main text as well as in this supplement can be found
online at https://github.com/DelMaestroGroup/papers-code-EntanglementQuantumQuench [S1] with permanent
url https://dx.doi.org/10.5281/zenodo.3634079 [S2].
POST QUANTUM QUENCH ENTANGLEMENT DYNAMICS
Quench Protocol
The system is prepared in an initial state of non-interacting spinless fermions with |Ψ(0)〉 = ∏k c†k |0〉 where |0〉 is
the vacuum state and the lattice Fourier transform picks up a phase in the anti-periodic case:
ck =
1√
L
L∑
j=1
cje
−ıkj
{
1 PBC
eıpij/L APBC
. (S1)
where the quasi-momenta are k ∈ {−pi(N − 1)/L, . . . , pi(N − 1)/L} for N odd and k ∈ {−piN/L+ 2pi/L, . . . , piN/L}
for N even. At time t = 0 we turn on a nearest-neighbor interaction V such that the time evolution is governed by
H = −J
L∑
i=1
(
c†i ci+1 + c
†
i+1ci
)
+ VΘ(t)
L∑
i=1
nini+1 (S2)
where Θ(t) is the Heaviside step function and c†i (ci ) creates(annihilates) a fermion on site i, {ci , c†j} = δij and ni = c†i ci
is the occupancy of site i. The state of the system at time t is given by unitary time evolution of |Ψ(0)〉 under H:
|Ψ(t)〉 = e−ıHt |Ψ(0)〉 =
∑
α
e−ıEαt 〈Ψα|Ψ(0)〉 |Ψα〉 (S3)
where we have set ~ = 1 and Eα and |Ψα〉 are the energy eigenvalues and eigenstates of the post-quench Hamiltonian,
H |Ψα〉 = Eα |Ψα〉, obtained from full exact diagonalization exploiting the translational, inversion, and particle-hole
symmetry of the Hamiltonian [S1].
For both spatial and particle entanglement it is useful to work in the fermionic site-occupation basis {|ψa〉}, where
the index a runs over all of the
(
L
N
)
possible configurations. For example, for N = 2 and L = 4 there are six such
states: |ψa〉 ∈ {|1100〉 , |1010〉 , |1001〉 , |0110〉 , |0101〉 , |0011〉} where 1 and 0 indicate the occupation on a given site.
Spatial Entanglement
Working in the fermionic site-occupation basis, it is straightforward to construct the resulting time-dependent
spatially reduced density matrix ρ`(t) for ` = L/2 contiguous lattice sites by performing a partial trace over the
remaining L− ` sites. The eigenvalues of ρ`(t) can then be used to compute the von Neumann entanglement entropy
defined in Eq. (3) of the main text. As we are interested in the growth of entanglement, we define the difference
∆S(t; `) ≡ S(t; `)− S(t = 0; `) where S(0; `) is the ground state entanglement entropy of free fermions. The resulting
time dependence of ∆S per average number of particles in the subregion (` = L/2, n = bN/2c) for different final
interaction strengths is shown in Fig. S1. Here we fix the density at half-filling (L = 2N), consider systems sizes
L = 8− 26 and measure time in units of 1/J . The specific values of V were chosen to investigate the effects of both
repulsive (V > 0) and attractive (V < 0) interactions at weak and strong coupling, where the asymmetry is due to the
fact that the model described by Eq. (S2) is known to undergo a first order quantum phase transition at V/J = −2
and continuous second order quantum phase transition at V/J = 2 in equilibrium. For |V/J | < 2 at low energies and
long wavelengths the system can be described by Tomonaga-Luttinger liquid (LL) theory where the LL parameter K
is given by [S3, S4]:
K =
pi
2 cos−1(−V/2J) . (S4)
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FIG. S1. Time dependence of spatial entanglement entropy. The difference between the spatial entanglement at time t and
the ground state value at time t = 0 is plotted as a function of time measured in units of the inverse hopping strength 1/J as
determined by a full exact diagonalization calculation. Panels are distinguished by the strength and sign of interactions and
data is shown for ` = L/2 = 4− 13 at half filling L = 2N .
Particle Entanglement
While the fermionic site-occupation basis is a natural choice for computing spatial entanglement, for n-particle
entanglement we decompose the system into two groups composed of n and N − n particles (see Eq. (2) in the main
text), which can be more clearly understood in first quantized notation. However, the resulting n-particle reduced
density matrix has maximal rank(ρn) =
(
L
n
)
and its post-quench evaluation requires the full diagonalization of a matrix
taking over 1TB of memory at each time step for N = 13 and n = 6 at half-filling. This makes an analysis of the steady
state particle entanglement in the thermodynamic limit computationally intractable. However, the size in memory of
this matrix can be reduced by a factor of n!(N − n)!L2 by simultaneously exploiting particle indistinguishability (as
described by two of the authors in Ref. [S5]) combined with a new approach using the translational invariance within
sub-groups under the partition. A software level implementation of these symmetries for the n-particle reduced density
matrices considered here is included by the authors in Ref. [S1], and work currently underway aims to generalize and
report on its underlying analytical framework.
The full implementation of these particle subgroup translational symmetries has allowed us to compute the post-
quench dynamics of particle entanglement entropies for reduced density matrices with n = bN/2c = 6 for systems up
to L = 26 sites and N = 13 fermions at half filling for long times, as shown in Figure (S2) (a). For fixed N = 12, panel
(b) demonstrates the effects of increasing the number of particles n in the subgroup on the post-quench entanglement
dynamics.
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FIG. S2. Time dependence of n-particle entanglement entropy. (a) For different particle numbers N and different final
post-quench interaction strengths V the particlle entanglement entropy divided by n for the largest possible subgroup size
corresponding to n = bN/2c converges to a plateau value at short times before exhibiting strong oscillations. As shown in
Figure 2 of the main text, the asymptotic t→∞ value computed from the average may be slightly below this initial plateau.
(b) The n-dependence of the scaled particle entanglement entropy as a function of time post-quench for different interaction
strengths for fixed N = 12.
4BOSONIC MOMENTUM DISTRIBUTION FROM FERMONIC DENSITY CORRELATIONS
Luttinger Liquid Structure Factor
Bosonization methods can be used to obtain a prediction for the time-dependent structure factor, which in turn
allows one to extract the occupation numbers of bosonic modes after the quantum quench. As bosonization captures
the low energy and long distance physics of the model, the existence of discrete lattice sites is not important and we
can adopt a continuum formulation. We represent the smooth part of the particle density as the spatial derivative of
the displacement field n(x) = (1/2pi)∂xφ(x), which in turn can be expanded in terms of normal modes as
φ(x) =
∑
q 6=0
√
2pi
|q|L
(
aqe
iqx + a†qe
−iqx) , (S5)
where the creation and annihilation operators satisfy the standard commutation relations [aq, a
†
q′ ] = δq,q′ . Then, the
Fourier components of φq =
∫ L
0
dxφ(x)e−iqx are given by
φq =
√
2piL
|q|
(
aq + a
†
q
)
, (S6)
and the equal time density-density correlation function at observation time t after the quantum quench is given by
〈n−q(t)nq(t)〉 = |q|L
2pi
〈[
a−q(t) + a
†
−q(t)
][
aq(t) + a
†
q(t)
]〉
. (S7)
We now express the bosons aq in terms of the eigenstates bq of the interacting Hamiltionian via
aq(t) = coshβbqe
−ivqt − sinhβb†−qeivqt
a†−q(t) = coshβb
†
qe
ivqt − sinhβbqe−ivqt (S8)
with sinh2 β = (K +K−1 − 2)/4. Defining nq = b†qbq, we find
〈n−q(t)nq(t)〉 = LK|q|
2pi
[1 + 2〈nq〉+ cos(2vqt) sinh(2β)] . (S9)
Using the relation sLL(q; t) = (1/N) 〈n−q(t)nq(t)〉, and the definition of the Fermi momentum kF = piN/L, we obtain
the result
sLL(q; t) =
K|q|
2kF
[
2 〈nq〉+ 1 + 1
2
(
K−1 −K) cos(2v|q|t)] (S10)
which is Eq. (8) in the main text.
Extracting the Bosonic Momenta Distribution
We now want to obtain the momentum distribution of bosonic density wave modes 〈nq〉 from the density-density
correlations of fermions after the quantum quench. We begin by measuring the fermionic pair correlation function g2
via exact diagonalization:
g2(j; t) =
〈Ψ(t)|njn0|Ψ(t)〉
〈nj〉2
− δj,0〈nj〉 , (S11)
where nj = c
†
jcj is the number operator on site j and 〈nj〉 = N/L = 1/2 is the time-independent density of particles
which is fixed at half-filling. The resulting post-quench static structure factor at observation time t can then be
computed via a lattice Fourier transform
s(q; t) =
1
N
〈Ψ(t)|n−qnq|Ψ(t)〉
= 1 +
N
L
L/2−1∑
j=0
[g2(j; t)− 1] e−ıqj . (S12)
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FIG. S3. Comparison between equilibrium and post-quench structure factor. The static structure factor at small wavevectors
for a quantum quench to interaction strength V = 0.765J at fixed time t · J = 1/2 deviates significantly from its equilibrium
value at the same value of V from exact diagonalization. The solid line for the equilibrium structure factor represents the long
wavelength Luttinger liquid prediction, while the dashed post-quench line is a guide to the eye.
In the absence of a quantum quench, the ground state static structure factor at low energies and long wavelengths in
the thermodynamic limit is expected to be described by its Luttinger liquid value [S6]
sLL(q) =
K|q|
2kF
(S13)
with kF = piN/L defining the Fermi momentum and the Luttinger parameter K can be determined for the microscopic
J − V Model in Eq. (S2) via the Bethe ansatz (Eq. (S4)).
In Figure S3 we compare exact diagonalization results for an equilibrium system of spinless fermions with repulsive
interactions (V = 0.765J) corresponding to Luttinger parameter K ' 0.8 with the prediction in Eq. (S13) and the
resulting structure factor at short times after a quench to the same interaction strength. At small wavevectors,
the exact diagonalization results are in agreement with the Luttinger liquid prediction, while there are considerable
deviations in the post-quench static structure factor. The time-dependence of these deviations can be exploited to
obtain an independent estimate of the boson occupation number 〈nq〉, K and the sound velocity v as indicated in the
right panel of Figure 1 in the main text by using the bosonization prediction Eq. (S10) derived above.
In practice, we compute the full observation time dependence of the post-quench static structure factor from
Eq. (S12) using exact diagonalization and perform a three parameter non-linear least squares fit to Eq. (S10) obtaining
〈nq〉, K and v. The results are shown in Figure S4 for fixed L = 24, N = 12 for a number of interaction strengths. The
fitting form works extremely well for q/kF  1 and can be extrapolated far outside the time domain used in fitting as
shown. Deviations begin to be apparent at longer times for strong interactions where we expect higher energy modes
to be important for the dynamics.
The goodness of fit can be independently confirmed by comparing the extracted values with those predicted from
bosonization: 〈nq〉 ≡ nLL = (K +K−1 − 2)/4 combined with Eq. (S4) and
v
J
= pi
√
1− (V/2J)2
cos−1(V/2J)
(S14)
from the exact solution of Eq. (S2) at half-filling where we have used a dimensionless lattice spacing of length unity.
This comparison for the bosonic occupation number is shown in Figure S5, demonstrating excellent agreement over a
wide range of attractive and repulsive interaction strengths.
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over a wide range of interaction strengths.
[S3] J. Des Cloizeaux, “A Soluble Fermi-Gas Model. Validity of Transformations of the Bogoliubov Type,” J. Math. Phys. 7,
2136 (1966).
[S4] F. D. M. Haldane, “General Relation of Correlation Exponents and Spectral Properties of One-Dimensional Fermi Systems:
Application to the Anisotropic S =1/2 Heisenberg Chain,” Phys. Rev. Lett. 45, 1358 (1980).
[S5] Hatem Barghathi, Emanuel Casiano-Diaz, and Adrian Del Maestro, “Particle partition entanglement of one dimensional
spinless fermions,” J. Stat. Mech.: Theor. Exp. 2017, 083108 (2017).
[S6] T. Giamarchi, Quantum Physics in One Dimension (Oxford University Press, Oxford, U.K., 2004).
